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Abstract
In this paper we develop a Morse theory for the uniform energy. We use the
one-sided directional derivative of the distance function to study the minimizing
properties of variations through closed geodesics. This derivative is then used
to define a one-sided directional derivative for the uniform energy which allows
us to identify gradient-like vectors at those points where the function is not
differentiable. These vectors are used to restart the standard negative gradient
flow of the Morse energy at its critical points. We illustrate this procedure on
the flat torus and demonstrate that the restarted flow improves the minimizing
properties of the associated closed geodesics.
Keywords: closed geodesics, calculus of variations, negative gradient flow
2010 MSC: 53C20, 53C22
1. Introduction
The existence of closed geodesics on Riemannian manifolds is one of the
foundational questions in the study of global differential geometry. The results
in this field arise from the study of the critical points of the Morse energy
function defined on the loop space Ω of a Riemannian manifold M .
Definition 1.1. The Morse energy function E : Ω→ R is defined for a piecewise
smooth closed curve c : S1 →M as
E(c) =
∫
S1
|c˙(t)|2 dt
A standard application of the first variation formula shows that the criti-
cal points of this function are closed geodesics (cf. [11], Corollary 12.3). The
first result in this field came at the end of the 19th century and is attributed
alternately to Cartan (cf. [8], Theorem 12.2.2) and Hadamard (cf. [5], Theorem
202). They showed that the shortest curve in each nontrivial homotopy class
is a closed geodesic. The modern proof of this result is an application of the
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negative gradient flow of the Morse energy, a procedure that deforms a closed
curve within its homotopy class in the direction of maximal decrease of the
Morse energy. We develop an extension to this negative gradient flow of the
Morse energy that allows us to restart the flow at its critical points. We show
by example that the restarted flow works to improve the minimizing properties
of the associated closed geodesics. The negative gradient flow appears in the
literature under various important forms, including as the curve shortening flow
and the mean curvature flow (cf. [7]).
A defining property of a geodesic is that it is a locally distance minimizing
curve. It is clear that a nontrivial closed geodesic can never be a globally distance
minimizing curve. Indeed, a closed geodesic can never minimize past half its
length: traversing the geodesic in the opposite direction will always provide a
shorter path. It is therefore natural to consider the largest interval on which a
given closed geodesic is distance minimizing. This led Sormani [15] to consider
the notion of a 1/k-geodesic.
Definition 1.2. A 1/k-geodesic is a closed geodesic γ : S1 →M which is min-
imizing on all subintervals of length l(γ)/k, i.e.
d(γ(t), γ(t+ 2pi/k)) = l(γ)/k ∀t ∈ S1 = R/2piZ.
Definition 1.3. An openly 1/k-geodesic is a 1/k-geodesic that does not contain
cut points at distance l(γ)/k, and therefore will always minimize on some open
neighborhood of subintervals of length l(γ)/k.
As a first example we note that the great circles on the sphere are 1/2-
geodesics but are not openly 1/2-geodesics. Additionally, by the compactness
of S1 and the local minimizing property of geodesics, we have that every closed
geodesic is a 1/k-geodesic for some k ≥ 2. Sormani [15, Theorem 10.2] demon-
strated a one-to-one relationship between the openly 1/k-geodesics and the ro-
tating smooth critical points of the uniform energy Ek : Mk → R, a finite di-
mensional approximation to the Morse energy function (cf. [11], Theorem 16.2).
Definition 1.4. The uniform energy Ek : Mk → R is defined for an element
x¯ = (x1, . . . , xk) ∈Mk as
Ek(x¯) =
k∑
i=1
d(xi, xi+1)
2
1/k
where xk+1 = x1
Sormani then asked [15, Remark 10.5] if there was a relationship between
the degenerate smooth critical points of the uniform energy (Definition 2.4) and
the minimizing properties of those curves which are close in a variational sense
to an openly 1/k-geodesic. We demonstrate such a relationship in Remark 2.5
by first proving the following.
Theorem 1.5. Let γ : S1 →M be an openly 1/k-geodesic that is degenerate in
the sense that there exists a variation α(s, t) of γ through closed geodesics. Then
there exists  > 0 such that for |s| <  the closed geodesics α(s, t) are openly
1/k-geodesics.
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In Section 3 we consider the notion of a one-sided directional derivative
D+ : TM × TM → R for the Riemannian distance function d : M ×M → R
(see Definition 3.1 and Lemma 3.2). We apply this derivative to study the
minimizing properties of curves which are close in a variational sense to an
arbitrary 1/k-geodesic. In order to compare the minimizing properties of various
closed geodesics we use the following notion.
Definition 1.6 ([15], Definition 3.3). The minimizing index of a closed geodesic
γ : S1 → M , denoted minind(γ), is the smallest integer k ≥ 2 such that γ is a
1/k-geodesic.
In comparing the minimizing properties of closed geodesics, we note that
a lower minimizing index means that the closed geodesic minimizes on larger
subintervals of length, hence has better minimizing properties. A closed geodesic
γ : S1 → M achieves the best possible minimizing property, minind(γ) = 2,
precisely when it minimizes between every pair (γ(t), γ(t+ pi)).
Theorem 1.7. Let γ : S1 → M have minind(γ) = k. Let α(s, t) be a vari-
ation of γ through closed geodesics with associated Jacobi field J(t) satisfying
〈J(t), γ˙(t)〉 = 0. If there exist p = γ(t0) and q = γ(t0 + 2pi/k) with
D+(J(t0),J(t0+2pi/k))d (p, q) < 0 (1)
then the pair (p, q) are cut points (i.e. γ is not an openly 1/k-geodesic) and
there exists an  > 0 such that for 0 < s <  the closed geodesics α(s, t) in the
variation have minind(α(s, t)) = k + 1.
In [2] the first author addressed the non-differentiability of the uniform en-
ergy at those x¯ ∈Mk which contain pairs (xi, xi+1) of cut points by introducing
a generalized notion of critical point for the uniform energy. In the current pa-
per we introduce a one-sided directional derivative for the uniform energy (see
Lemma 4.2) that allows us to identify gradient-like vectors at these points of
non-differentiability (Definition 4.5). These directions can be used to restart
the negative gradient flow of the Morse energy at its critical points, a process
we illustrate on a standard flat n-torus.
Theorem 1.8. Let Tn be a standard flat n-torus and γ : S1 → Tn a closed
geodesic with minind(γ) = k. Using the negative of a gradient-like vector of
the uniform energy Ek : (Tn)k → R to restart the negative gradient flow of the
Morse energy yields a closed geodesic σ : S1 → Tn with minind(σ) ≤ k.
We note that the ideas in this paper extend naturally to the Alexandrov
setting and are therefore related to results on more general metric spaces. In
particular, a notion of conjugate point for length spaces is introduced in [14] and
we anticipate a relationship with the one-sided directional derivatives examined
in this paper. Additionally, our restarted negative gradient flow of the Morse
energy is related to the notion of discrete homotopy introduced in [4], see also
[12, Example 44].
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2. Smooth Critical Points
In this section we address Sormani’s question [15, Remark 10.5] concerning
the relationship between the degenerate smooth critical points of the uniform
energy and the minimizing properties of those curves which are close in a vari-
ational sense to an openly 1/k-geodesic. We demonstrate such a relationship in
Remark 2.5 by first proving Theorem 1.5.
Definition 2.1. A smooth critical point of the uniform energy is a point x¯ ∈
Mk at which the function Ek is smooth and its gradient is zero, i.e. ∇Ek(x¯) = 0¯.
We relate the smooth critical points to closed geodesics, thereby relating the
domains of the uniform energy and the Morse energy function.
Lemma 2.2 ([15], Lemma 10.2). Let x¯ = (x1, . . . , xk) ∈ Mk be a smooth
critical point of the uniform energy. Then there exists a unique associated closed
geodesic γ : S1 →M with γ(2pii/k) = xi.
The uniform energy is defined as a sum of squared distance functions, hence
its differentiability will depend on the differentiability of its component distance
functions. At points x¯ ∈Mk which do not contain pairs (xi, xi+1) of cut points
the component distance functions are smooth (cf. [13], Proposition 4.8) and it
follows that the uniform energy is a smooth function (C∞-differentiable). A
standard technique from Morse theory is to use the injectivity radius to re-
strict the uniform energy to a domain on which it is smooth. The uniform
energy is smoothly equivalent to this restricted function in a neighborhood of
a smooth critical point and the differentiability of the two functions therefore
agree at such points. The following theorem reformulates the standard rela-
tionship between the Hessians of the Morse energy function and its restricted
function. Recall that the Hessian of the uniform energy at a smooth critical
point x¯ ∈ Mk is a symmetric bilinear form on the tangent space Tx¯Mk given
by Hess(Ek)(x¯)(v¯, w¯) = 〈∇v¯grad(Ek), w¯〉.
Theorem 2.3 ([11], Theorem 16.2). The index and nullity of the Hessian of
the uniform energy at a smooth critical point equal the index and nullity of the
Hessian of the Morse energy at the unique associated closed geodesic.
The nullity of the Hessian of the Morse energy is equal to the number of lin-
early independent periodic Jacobi fields along the curve (cf. [3, 9]). The Hessian
of the Morse energy is always degenerate with respect to the vector field γ˙(t) and
we note likewise that the Hessian of the uniform energy at a smooth critical point
x¯ is always degenerate with respect to the vector γ¯ = [γ˙(t1), . . . , γ˙(tk)] ∈ Tx¯Mk.
In order to discuss variations through closed geodesics we restrict our attention
to the perpendicular periodic Jacobi fields, and therefore exclude the rotation-
ally degenerate direction in the following definition.
Definition 2.4. A smooth critical point x¯ ∈ Mk is said to be degenerate if
there exists v¯ ∈ Tx¯Mk such that ∇v¯grad(Ek)(x¯) = 0¯ and 〈vi, γ˙(ti)〉 = 0 for
every i = 1, . . . , k.
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Proof of Theorem 1.5. Assume by contradiction that no such  > 0 exists. Let
L be the length of the curves in the variation. Then there exists a sequence
pn = α(sn, tn) with sn → 0 such that
f(pn, vn) ≤ L/k, vn =
∂α
∂t (sn, tn)
|∂α∂t (sn, tn)|
where f : SM → R ∪∞ is the distance to the cut point along a geodesic with
initial conditions (p, v) ∈ SM (cf. [8], Proposition 13.2.9). Since this function
is continuous and S1 is compact, passing to a subsequence if necessary, we have
tn → t0. Setting
p0 = α(0, t0) v0 =
∂α
∂t (0, t0)
|∂α∂t (0, t0)|
we have by continuity that
v0 = lim
n→∞ vn = γ˙(t0)/|γ˙(t0)|
The fact that γ is an openly 1/k-geodesic implies that f(γ(t), γ˙(t)/|γ˙(t)|) > L/k
for every t ∈ S1. By the continuity of f we have
f(p0, v0) = lim
n→∞ f(pn, vn) ≤ L/k
and we have reached a contradiction.
Remark 2.5. We now use Theorem 1.5 to address Sormani’s open question
regarding the relationship between the degenerate smooth critical points of the
uniform energy and the minimizing properties of those curves which are close
in a variational sense to an openly 1/k-geodesic [15, Remark 10.5]. Let x¯ ∈Mk
be a degenerate smooth critical point of the uniform energy. By Theorem 2.3
we know that the unique closed geodesic γ associated to x¯ admits a perpendic-
ular periodic Jacobi field J . If γ is an openly 1/k-geodesic, and if the variation
of γ with variational field J is through closed geodesics, then by Theorem 1.5
we conclude that this variation is through openly 1/k-geodesics, i.e. that the
minimizing properties of γ are preserved through the variation. We note that
not every perpendicular periodic Jacobi field yields a variation through closed
geodesics, and that this assumption is necessary in order to discuss the mini-
mizing properties of these nearby curves in the variation.
3. Directional Derivative of the Distance Function
In this section we explore the notion of a one-sided directional derivative for
the Riemannian distance function d : M×M → R. This directional derivative is
then applied to study the minimizing properties of those closed geodesics which
are close in a variational sense to an arbitrary 1/k-geodesic (see Theorem 1.7).
The directional derivative of the distance function will additionally be applied
in Section 4 to define a one-sided directional derivative for the uniform energy.
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Definition 3.1. The one-sided directional derivative of the distance function
d : M×M → R at the point (p, q) ∈M×M in the direction (v, w) ∈ T(p,q)M×M
is defined to be
D+(v,w)d (p, q) = lim
t→0+
d(expp tv, expq tw)− d(p, q)
t
provided that this limit exists.
The next lemma follows from the first variation formula and states that
the above limit always exists. For an exposition of these ideas, albeit in the
nonpositive and nonnegative length space setting, see [6, Section 4.5].
Lemma 3.2. Let A(p, q) denote the set of unit-speed minimizing geodesics from
p to q and set d(p, q) = l. Then for a vector (v, w) ∈ T(p,q)M ×M the one-sided
derivative of d : M ×M → R in the direction (v, w) exists and is given by
D+(v,w)d (p, q) = min {−〈v, η˙(0)〉p − 〈w,−η˙(l)〉q : η ∈ A(p, q)}.
Proof. Since compact Riemannian manifolds are Alexandrov spaces of curvature
bounded below by some k, it suffices to prove the lemma for such spaces. The
following indicates how the arguments presented in [6, Section 4.5] may be
modified to provide a proof. Let X be such a space and fix p, q ∈ X. Let
γ1 : [0, T ] → X and γ2 : [0, T ] → X be two unit speed geodesics with γ1(0) = p
and γ2(0) = q. Suppose that for each t ∈ [0, T ], σt : [0, 1] → X is a shortest
path connecting γ1(t) with γ2(t), and {σti} is a sequence that converges to σ0.
Set `(t) = d(γ1(t), γ2(t)). Then we claim that
lim
i→∞
`(ti)− `(0)
ti
= − cosα1 − cosα2 (2)
where αi is the angle made by σ0 with γi. We note that [6, Theorem 4.5.6] is
the special case of (2) when k = 0 and γ2 is the constant path at q. Since equa-
tion (4.3) in the proof of [6, Theorem 4.5.6] holds for spaces with an arbitrary
curvature bound, a straightforward modification of the inequalities shows that
(2) holds for arbitrary lower curvature bound and two variable endpoints.
Now let B(p, q) denote the set of minimizing paths from p to q and define
B := min{− cos(](γ1, σ0))− cos(](γ2, σ0)) | σ0 ∈ B(p, q)}.
With almost no modification, the proof of [6, Corollary 4.5.7] shows that
lim
t→0+
`(t)− `(0)
t
= B.
WhenX is a compact Riemannian manifold, the B defined here can be expressed
as the minimum from the statement of the lemma, and the result follows.
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Figure 1: The doubled rectangle from Example 3.3. Note that p is on the top face of the
doubled rectangle, whereas q is on the bottom face.
Example 3.3. The doubled rectangle M in Figure 1 illustrates Theorem 1.7.
The over-under geodesic γ has minind(γ) = 2. The pair of points (p, q) on γ
are connected via another minimizing geodesic, η : [0, pi] → M , which connects
the point p = η(0) = γ(t0) on the top face to the point q = η(pi) = γ(t0 + pi)
on the bottom face. The closed geodesic γ admits a variation α(s, t) through
closed geodesics simply by sliding γ left or right along the doubled rectangle.
The Jacobi field associated to this variation coincides with the velocity vector
of η, i.e. J(t0) = η˙(0) and J(t0 + pi) = −η˙(pi). Computing via Lemma 3.2 we
have
D+(J(t0),J(t0+pi))d (p, q) = −〈J(t0), η˙(0)〉p − 〈J(t0 + pi),−η˙(pi)〉q = −2
so that by Theorem 1.7 we can conclude that minind(α(s, t)) = 3 for 0 < s < .
Indeed, these curves α(s, t) fail to minimize between the pairs (α(s, t0), α(s, t0 +
pi)) as η now provides a shorter path between these points. Also worthy of
note, although not a consequence of the theorem, is that minind(α(s, t)) = 2 for
− < s < 0, i.e. sliding γ to the left does not change its minimizing index.
Proof of Theorem 1.7. We first note that Equation (1) and Lemma 3.2 together
with the fact that 〈J(t), γ˙(t)〉 = 0 imply that there are multiple minimizing
geodesics joining p and q, and therefore that the pair are cut points.
Next let L be the length of the curves in the variation. By Equation (1)
there exists an  > 0 such that for 0 < s <  we have
d(α(s, t0), α(s, t0 + 2pi/k)) < L/k.
This condition implies that these α(s, t) are not 1/k-geodesics. By continu-
ity of the function f : SM → R ∪ ∞ (see the proof of Theorem 1.5) we have
minind(α(s, t)) = k + 1.
4. Gradient Flow for the Uniform Energy
The negative gradient flow of the Morse energy function has been used to
demonstrate the existence of closed geodesics on non-simply connected mani-
folds by deforming closed curves within their homotopy class in the direction
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of decreasing energy. The flow terminates at the critical points of the Morse
energy function, the closed geodesics. In this section we develop a procedure
by which the negative gradient flow can be restarted from these critical points.
We prove Theorem 1.8 which demonstrates this procedure on a standard flat
n-torus. In this setting, we see that the extended negative gradient flow need
not respect homotopy class and works to improve the minimizing index of the
associated closed geodesics.
On non-simply connected manifolds the shortest non-contractible closed
curve has minimizing index 2 [15, Lemma 4.1]. In the simply connected set-
ting, metrics on the 2-sphere have been constructed for every k ≥ 2 that fail
to admit 1/k-geodesics (see [10] and also [1]). As Theorem 1.8 illustrates, the
procedure developed in this section works in some cases to improve the mini-
mizing index of the associated closed geodesics, and therefore could be used to
identify the minimal minimizing index k on a given simply connected manifold.
This value k can then be used to provide an upper bound of k ·diam(M) on the
length of the shortest closed geodesic (cf. [15, Lemma 3.2]).
We now briefly sketch this restarting procedure, with additional details given
throughout the section. Start by identifying a pair of cut points (x1, x2) on the
given closed geodesic which are at maximal distance for such pairs. Using the
smallest integer k ≥ 2 such that the given closed geodesic is a 1/k-geodesic,
identify the point x¯ = (x1, . . . , xk) ∈ Mk where the points {x3, . . . , xk} are
chosen to be evenly spaced along the remainder of the geodesic. Note by con-
struction that d(x1, x2) ≥ L/k ≥ d(xi, xi+1) for i 6= 1, where L is the length of
the closed geodesic. Next, perturb x¯ in the negative of a gradient-like direction
(see Definition 4.5) and reconnect the perturbed pairs (xi, xi+1) via minimal
geodesics. The resulting curve will be a piecewise smooth closed curve from
which one can restart the negative gradient flow of the Morse energy function.
At smooth critical points x¯ ∈ Mk of the uniform energy we have that
∇Ek(x¯) = 0¯ and are unable to identify directions in which to restart the neg-
ative gradient flow. We therefore focus on those x¯ ∈ Mk which contain pairs
(xi, xi+1) of cut points. At such x¯ ∈ Mk the Hessian of the uniform energy is
not defined and the second derivative test is not available. We introduce a one-
sided directional derivative for the uniform energy that will allow us to identify
gradient-like vectors at these points, and hence directions of maximal decrease
for the uniform energy.
Definition 4.1. The one-sided directional derivative of the uniform energy
Ek : Mk → R at the point x¯ ∈Mk in the direction v¯ ∈ Tx¯Mk is defined to be
D+v¯ E
k(x¯) = lim
t→0+
Ek(expx¯ tv¯)− Ek(x¯)
t
provided that this limit exists.
Lemma 4.2. Let x¯ ∈ Mk with d(xi, xi+1) = li. For a vector v¯ ∈ Tx¯Mk the
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one-sided derivative of Ek : Mk → R in the direction v¯ exists and is given by
1
2kD
+
v¯ E
k (x¯) =
min {−〈 v¯, (. . . ,−li−1 · η˙i−1(li−1) + li · η˙i(0),−li · η˙i(li) + li+1 · η˙i+1(0), . . .) 〉}
where the min is taken over all k-tuples (η1, . . . , ηk) such that ηi : [0, li] → M
are unit-speed minimizing geodesics with ηi(0) = xi and ηi(li) = xi+1.
Proof. This follows directly from Lemma 3.2 and the definition of the uniform
energy as a sum of squared distance functions.
Definition 4.3. The candidate gradients for the uniform energy at x¯ ∈ Mk
are the vectors
−(. . . ,−li−1 · η˙i−1(li−1) + li · η˙i(0),−li · η˙i(li) + li+1 · η˙i+1(0), . . .) ∈ Tx¯Mk
where the ηi : [0, li]→M are the unit-speed minimizing geodesics from above.
The following proposition, which follows directly from the definition, serves
to illuminate the geometric significance of the candidate gradients. We say that
a closed geodesic γ : S1 → M is associated to the point x¯ ∈ Mk if there exist
ti ∈ S1 with γ(ti) = xi for every i ∈ {1, . . . , k}.
Proposition 4.4. A point x¯ ∈Mk has an associated closed geodesic if and only
if 0¯ ∈ Tx¯Mk is a candidate gradient at x¯.
We are interested in determining the directions v¯ ∈ Tx¯Mk which maximize
the directional derivative of the uniform energy. We therefore choose the can-
didate gradient with maximal magnitude in the definition below.
Definition 4.5. A gradient-like vector v¯ ∈ Tx¯Mk for the uniform energy at a
point x¯ is a candidate gradient which has maximal magnitude, where the mag-
nitude is calculated using the Riemannian product structure on Mk.
Note that 0¯ ∈ Tx¯Mk will be the gradient-like vector precisely when it is the
only candidate gradient. In particular, this occurs when the point x¯ is a smooth
critical point.
This paper concludes with the proof of Theorem 1.8 which illustrates the
process of using a gradient-like vector on a standard flat n-torus to restart the
negative gradient flow of the Morse energy and improve the minimizing prop-
erties of the associated closed geodesics. We first continue with the necessary
preliminaries.
Lemma 4.6. Let M = M1 × · · · × Mn be a Riemannian product with γ =
(γ1, . . . , γn) a geodesic. Then γ minimizes between p = (p1, . . . , pn) = γ(0)
and q = (q1, . . . , qn) = γ(t) if and only if γi minimizes between pi = γi(0) and
qi = γi(t) for every i = 1, . . . , n.
Proposition 4.7. Let M = M1 × · · · × Mn be a Riemannian product with
γ = (γ1, . . . , γn) : S
1 →M a closed geodesic. Then
minindM (γ) = max {minindMi(γi)}.
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Proof. Without loss of generality assume minindM1(γ1) = max {minindMi(γi)}
and set k = minindM1(γ1). Then γi minimizes between γi(t) and γi(t + 2pi/k)
for all t ∈ S1 and i = 1, . . . , n. By the lemma γ minimizes between γ(t) and
γ(t+ 2pi/k) for all t ∈ S1 and we have minindM (γ) ≤ k.
Assume by contradiction that minindM (γ) < k. Then γ minimizes between
γ(t) and γ(t + 2pi/(k − 1)) for all t ∈ S1. By the lemma γ1 minimizes be-
tween γ1(t) and γ1(t + 2pi/(k − 1)) for all t ∈ S1 so that minindM1(γ1) < k a
contradiction.
Definition 4.8. Let Tn be a standard flat n-torus and γ : S1 → Tn a closed
geodesic representing the free homotopy class [(m1, . . . ,mn)] ∈ pi1(Tn). We will
call such a curve an (m1, . . . ,mn)-geodesic.
Example 4.9. Let T2 be a flat rectangular two-torus and γ : S1 → T2 the
(1, 2)-geodesic with associated point x¯ ∈ (T2)4 as shown in Figure 2. As a closed
geodesic γ is a critical point of the Morse energy function and is therefore a fixed
point for the negative gradient flow. We will use a gradient-like vector for the
uniform energy at x¯ to restart the negative gradient flow.
Figure 2: The flat rectangular two-torus T2. The green line is the (1, 2)-geodesic with associ-
ated point x¯ = (x1, x2, x3, x4) ∈ (T2)4.
We first determine the candidate gradients and the gradient-like vectors for
the point x¯ ∈ (T2)4. There are two minimizing geodesics between each pair
(xi, xi+1). The two initial velocity vectors of these geodesics at xi sum with
the two initial velocity vectors of the minimizing geodesics between (xi−1, xi)
to yield three potential gradient directions at xi: {±j, 0} ∈ TxiT2, where j is a
basis vector in the vertical direction. These directions combine via Lemma 4.2
to yield the following candidate gradients at x¯:
± 〈j,−j, 0, 0〉,±〈0, j,−j, 0〉,±〈0, 0, j,−j〉,±〈−j, 0, 0, j〉
± 〈j,−j, j,−j〉,±〈j, 0,−j, 0〉,±〈0, j, 0,−j〉, 〈0, 0, 0, 0〉
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The gradient-like vectors are therefore ±〈j,−j, j,−j〉. We will use the negative
of these directions, or the directions of maximal decrease of the uniform energy,
to restart the negative gradient flow of the Morse energy function in an attempt
to improve the minimizing properties of the closed geodesic. Figure 3 illustrates
this process when using the direction 〈j,−j, j,−j〉. After restarting the flow it
stabilizes at a new critical point, the (1, 0)-geodesic σ : S1 → T2. We have
minind(σ) = 2 < 4 = minind(γ)
so that this restarted negative gradient flow has improved the minimizing prop-
erties of the associated closed geodesics.
Figure 3: The torus T2 with the negative gradient-like vector 〈j,−j, j,−j〉 ∈ Tx¯(T2)4. The
purple curve is a dramatization of the piecewise smooth closed curve at which we would restart
the negative gradient flow, and the red curve depicts the new critical point, a (1, 0)-geodesic.
Proof of Theorem 1.8. Let (y1, . . . , yn) be standard coordinates on Tn with as-
sociated basis of tangent vectors (∂y1, . . . , ∂yn). Let γ be a (m1, . . . ,mn)-
geodesic and without loss of generality assume that m1 = max {mi} so that
k = minind(γ) = 2m1. Then any choice x¯ ∈ (Tn)k of evenly spaced points
on γ has the property that every pair (xi, xi+1) is a pair of cut points. More-
over we have that (∂y1,−∂y1, . . . , ∂y1,−∂y1) ∈ Tx¯(Tn)k is a gradient-like vec-
tor. In order to restart the negative gradient flow of the Morse energy from
this critical point, we first perturb x¯ in the negative of this gradient-like di-
rection and reconnect the perturbed (xi, xi+1) via minimal geodesics. The re-
sulting curve is a piecewise smooth geodesic which is homotopically trivial in
the y1 direction. Restarting the negative gradient flow of the Morse energy
from this piecewise smooth geodesic results in a (0,m2, . . . ,mn)-geodesic with
minind ≤ k . Iterating this process yields a closed geodesic σ : S1 → Tn with
minind(σ) = min {mi} ≤ k.
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